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Layers with Both Fixed and Unfixed Boundary
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An important case of an LC layer with non-fixed LC orientation on one cell’s substrate
at varying LC pretilt angle on another substrate is considered. It corresponds to the
de Gennes coherence length dependence on boundary conditions. Structure and optical
properties of such layers are described vs. the layer thickness, fixed pretilt angle value,
light beam incidence angle. The LC elastic and dielectric properties as well as applied
voltage are taken into account.

Keywords liquid crystal alignment; coherence length; pre-tilt angle; phase retardation

1. Introduction

The configuration of hybrid aligned nematic (HAN) cells with pretilt angle on both orienting
surfaces θ0

(1)=0, θ0
(2)=90◦ is well known [1, 2]. These cells are used to measure LC

materials properties or enhance LCD performances. In [3] such geometry has been used
to determine a ratio of elastic constants K33/K11 of nematic LC by measuring the phase
retardation difference of the cell. In [4–7] a few methods of determination of the pretilt
angle value on each substrate of the HAN cell are described. The hybrid LC orientation
can increase or decrease the viewing angles range or reduce switch time [8, 9]. In [10, 11]
a symmetrical electrooptical response of the LC cell has been realized by using the HAN
cell and dual-frequency steering mode. The HAN cells structure typical for both calamitic
and discotic LC (�n > 0 and �n < 0, accordingly) is used in optical compensators
[12, 13].

In [14–17] we have presented simulation results of the phase retardation difference
�� vs. θ0

(1), θ0
(2) dependences for normal and oblique incidence onto different types of

the hybrid LC cells with asymmetric pretilt angles on opposite substrates. The modelling
is based on the approach developed in [18–20].

There were the HAN cells with fixed boundary conditions on both cell’s substrates.
However there is an important case with non-fixed LC orientation on one cell’s substrate
at varying LC pretilt angle on another substrate. In other words there is the de Gennes
coherence length vs. boundary conditions.

∗Address correspondence to Victor V. Belyaev, Moscow Region State University, Moscow,
Russia. E-mail: vic belyaev@mail.ru

Color versions of one or more of the figures in the article can be found online at
www.tandfonline.com/gmcl.
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In this paper we simulate structure and optical properties of different hybrid cells.
Typical LC hybrid cells structure and properties are described in [3, 13, 14]. Optical

properties of the LC cells with asymmetric boundary conditions have been considered.
A method of phase retardation difference �� value calculation for the hybrid LC cell is
described in [14, 15]. Dependences of the phase retardation difference �� on the pretilt
angle values θ0

(1) and θ0
(2) on the opposite substrates have been calculated for the three

types of the hybrid LC cells. The case of the light normal incidence and the single constant
approximation (nematic LC Frank elasticity coefficients K11 = K33) was considered.

In this paper we describe properties of so called one-fixed-side cells. Typical HAN cell
structure is presented in Fig. 1. In [3, 14] properties of the hybrid cells with fixed LC pretilt
angle on both substrates were investigated.

The LC layer in the cell is located between two internal surfaces of the substrates.
In the cell reviewed one surface is covered with an orientant film and another surface is
not covered with the film. The orientant-covered surface fixes specified LC director pre-tilt
angle. The LC director angle on another surface is determined only by the LC elastic forces
and by the applied electric field. Such case can be realized in the LC layer between two
substrates situated one from another at distance d or in an LC bulk sample restricted by
a plane (substrate with the fixed boundary condition) at distance d from the substrate.
Another case is an LC droplet in a liquid medium. Our approach allows simulate the LC
orientation penetration at different boundary tilt angles.

Under the field influence, the LC director’s tilt varies. For example, for the LC with
positive dielectric anisotropy, the tilt varies from the fixed value on the orienting surface
to the homeotrop (vertical) state on the free surface. Certainly, for the LC with negative
dielectric anisotropy, the director’s tilt varies from the fixed value on the orienting surface
to the planar state on the free surface.

The de Gennes parameter [21], or the coherence length, may be calculated vs. LC
parameters and the electric field strength.

A method is developed to simulate both LC director’s tilt distribution and phase
retardation �� value vs. fixed pretilt angle on one substrate and cell’s thickness. The

Figure 1. Hybrid LC cell structure with asymmetric pretilt angles on opposite substrates.
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HAN Cells with Fixed and Unfixed Boundary Conditions [855]/123

method is used for the LC with both positive and negative dielectrical anisotropy as well
as positive and negative optical anisotropy.

In typical LC cells with static driving 0 ≤ θ0 < π/2. The phase retardation �� for the
cells with arbitrary LC director distribution is described with the expression as follows:

�� = 2π

λ

[∫ L

0

nonedz

(nocos2θ (z) + nesin2θ (z))1/2 − noL

]

where L is the cell thickness, λ is the wavelength, no and ne are the refractive indices for
the ordinary and extraordinary rays, accordingly, θ (z) is the LC director distribution within
the cell.

A phase difference parameter � = ��/��max was introduced in [19, 20]. The phase
retardation difference �� is reduced to its maximum value ��max = 2π�nL/λ,�n =
ne − no is the LC birefringence. The case of �Фmax is realized for the cells with the LC
planar alignment (θ0

(1) = θ0
(2) = 0). As in [19, 20], single-constant approach was used.

Two Frank elasticity constants for nematic LC are equal: K11=K33. The director lays in the
plane perpendicular to the cell’s surface.

2. Methods

2.1. LC Director Orientation

The Freederickx effect in magnet field, in the case of the planar nematic cell and the field
perpendicular to the surface, may be described as follows [22, 23]:

d

dz

[
(K11 cos2 θ + K33 sin2 θ )

(
dθ

dz

)2

+ χαH 2 sin2 θ

]
= 0

The expression may be transformed to a view:

{
2

(
d2θ

dz2

) (
K11 cos2 θ + K33 sin2 θ

) + 2

(
dθ

dz

)2

((K33 − K11) sin θ cos θ )

+2χαH 2 sin θ cos θ

}(
dθ

dz

)
= 0

If dθ
dz

= 0, then the LC cell has a constant director tilt. It is valid without the field,
although the director’s distribution cannot be linear in this case at high field strength.

If (К11 = К33), we may conclude:(
d2θ

dz2

)
K11 + χαH 2 sin θ cos θ = 0

Then
(

d2θ
dz2

)
= −χαH 2 sin θ cos θ

K11
and

(
dθ
dz

) = χαH 2 cos2 θ

2K11
or

(
dθ
dz

) = −χαH 2 sin2 θ

2K11
.

For the electric field and the LC with positive dielectric anisotropy this expression can
be transformed to a view:

dθ

dz
= M cos2 θ
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and in the case of negative dielectric anisotropy:

dθ

dz
= M

(− sin2 θ
)
.

Where M = ε0�εE2

2K11
is a parameter, Е = U/d is electric field strength, d is the cell’s

thickness.

2.2. Optical Properties

Let us review a case of oblique incidence of a polarized light beam onto the HAN cell
(Fig. 2). The case of parameter � calculation for the case of both normal and oblique
light incidence onto typical HAN cells with different pretilt angles has been considered in
[14, 15]. Light incidence will be considered by the method, described in these references.

The angle β is the incidence angle, and the plane 12 (lines 1 and 2 form the direct angle)
is parallel to the LC director plane xz. Therefore the light wave E-vector is perpendicular to
these planes. This geometry is equivalent to the normal incidence onto the hybrid cell (Fig.1)
with pretilt angles on the opposite substrates equal to γ (1)=θ0

(1)+β and γ (2)=θ0
(2)+β

accordingly. The equivalent cell’s thickness is increased in this case by a factor of 1/cosβ.
The LC cell’s layer is divided into a lot of thin layers. Every thin layer has the constant

director tilt angle and contributions of the layers into both extraordinary and ordinary light
beams would be added.

The director’s tilt angle distribution is linear. So, every thin layer’s director tilt increases
for the same small angle.

3. Modeling

3.1. LC Director’s Tilt Distribution in the Case of LC with Both Negative and Positive
Dielectric Anisotropy

Under the field influence, the director’s tilt varies. For the LC with negative dielectric
anisotropy, it changes from the fixed value on the orienting surface to the planar state on the
opposite surface. For the LC with positive dielectric anisotropy, it changes from the fixed
value on the orienting surface to the vertical orientation on another surface.

Figure 2. Light beam incidence onto a HAN cell with different boundary conditions.
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HAN Cells with Fixed and Unfixed Boundary Conditions [857]/125

While the field strength increases, the coherence length decreases.
Figure 3a shows us the director tilt distribution vs. the LC layer thickness (�ε > 0)

and pre-tilt angle on the surface covered with the orientant at M = 0.1 (low electric field
strength). Figure 3b shows us director tilt distribution vs. LC layer thickness for different
fixed pre-tilt angles. Figure 3c presents tilt angle value at distance d from orienting surface
vs. LC layer thickness and pre-tilt angle on the surface covered with the orientant for
different d values.

The same dependences for the LC with �ε > 0 can be obtained by replacements
θ2(�ε < 0)π/2 ↔ θ2(�ε > 0), θ1(�ε < 0)π/2 ↔ θ1(�ε > 0). Data for the director tilt
distribution calculated at other M values (from 0.1 to 0.8) and for the LC with positive
dielectric anisotropy are presented in [24].

The LC tilt change from its fixed value at the substrate is growing up with an increase
of the fixed pretilt angle and reducing with an increase of the layer thickness.

Figure 3. a) 3D view of the LC director tilt distribution vs. the LC layer thickness and pre-tilt angle on
the surface covered with the orientant; b) director tilt distribution vs. LC layer thickness for different
fixed pre-tilt angles; c) tilt angle value at distance d from orienting surface vs. LC layer thickness and
pre-tilt angle on the surface covered with the orientant for different d values.
Parameter M = 0.1 (low electric field strength).
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Figure 4. Phase retardation parameter � value for the one-side hybrid LC cell vs. the cell’s thickness
at different values of both fixed pretilt angle from 0 to 90◦ and incidence angle in the range from 0 to
75◦.
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3.2. Optical Properties in the Case of Both Positive and Negative Dielectric Anisotropy

Figure 4 shows us the phase retardation parameter � value for the one-fixed-side cells vs.
the cell’s thickness at different values of both fixed pretilt angle from 0 to 90◦ and incidence
angle in the range from 0 to 75◦. Parameter M is equal to 0.1 and refraction indices no =
1.5, ne = 1.7; �ε>0. The same dependences for the LC with �ε > 0 can be obtained by
replacements ß(�ε < 0) = π/2 − ß(�ε > 0).

Let’s analyze the �(θ0, z) dependences. As shown on Fig. 4, differences between the
cases of light incidence are the most significance, if β = 45◦. As it seems, both the incidence
cases are the same if β = 0◦ or β = 90◦.

Let us consider the case of oblique incidence in more details. The magnitude of the �

variation changes in different ranges while the angle β rises at different fixed pretilt angle
θ0. For planar orientation (θ0 = 0) the � magnitude reduces from the unit to 0.06 when
the incidence angle increases from 0 to 75◦. For the vertical orientation (θ0 ∼ π/2) the �

behavior is more sophisticated. If at normal incidence the � value increases from zero at
zero thickness to 0.7 at d = 40 μm, such dependence becomes reducing from 0.8 to 0.12 in
the same thickness range at almost sliding light beam (β = 75◦). The �(θ0, z) dependences
have minima in the incidence angle β range from 30◦ to 60◦. Such behavior is owing to
change of the light beam propagation direction in relation to the average LC orientation
direction inside the HAN cells. If the light beam direction coincides with the predominant
LC orientation in the cell the HAN cell becomes mostly like the vertically aligned cell and
the � has its minimum value.

4. Conclusions

• New type of the LC layer (so called one-fixed-side cells) with both fixed and unfixed
LC orientation on opposite surfaces is reviewed. Such layers can exist in the hybrid
nematic cells with weak boundary condition on one substrate or in the LC bulk at a
definite distance from the surface with fixed boundary orientation.

• New method of coherence length evaluation and control is proposed with using a set
of LC cell’s parameters variation. Such set comprises pre-tilt angle, cell’s thickness
and also a field strength; dielectric and elastic LC properties must be taken into
consideration too.

• The one-fixed-side cell optic properties control and measurement method is pro-
posed, using cell’s orientation parameters varying, as above.
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